The renormalization of effective potentials for the noncommutative scalar field theory at high temperatures is investigated to the two-loop approximation. The Feynman diagrams in evaluating the effective potential may be classified into two types: the planar diagrams and nonplanar diagrams. The nonplanar diagrams, which depend on the parameter of noncommutativity, do not appear in the one-loop potential. Despite their appearance at the two-loop level, they do not have an inclination to restore the symmetry breaking in the tree level, in contrast with the planar diagrams. This phenomenon is explained as a consequence of the drastic reduction of the degrees of freedom in the nonplanar diagrams when the thermal wavelength is smaller than the noncommutativity scale. Our results show that the nonplanar two-loop contribution to the effective potential can be neglected in comparsion with that from the planar diagrams.
I. INTRODUCTION
Field theory on noncommutative space ͑or spacetime͒ has received a great deal of attention recently. Initially, Connes, Douglas, and Schwarz ͓1͔ showed that the supersymmetric gauge theory on a noncommutative torus is naturally related to the compactification of matrix theory. From string theory, it was also found that the end points of the open strings trapped on a D brane with a nonzero Neveu-SchwarzNeveu-Schwarz ͑NSNS͒ two form B-field background turns out to be noncommuting ͓2-4͔. As it has proved to arise naturally in the string or M theory the noncommutative field theory has attracted many researchers ͓5-18͔.
The quantum field theories on noncommutative space ͑or spacetime͒ have been pursued via perturbative analysis over diverse models. The noncommutative scalar field theory has been considered in ͓5-8͔. It has been shown that this theory is renormalizable up to two loops. The pure noncommutative gauge theory has also been shown to be renormalizable up to one loop ͓9,10͔. Historically it was hoped that introducing a minimum scale to deform the geometry in the small spacetime would be possible to cure the quantum-field divergences, especially in the gravity theory ͓11,12͔. Although the noncommutative field theory turns out to exhibit the same divergence as the commutative one ͓5͔, it is of interest in its own right. The special properties of the nonlocality ͑they contain infinite order derivatives͒ and the existence of a new parameter ͑the noncommutativity parameter, ) in noncommutative field theories make them challenging and lead to some fascinating behaviors.
A distinct characteristic of the noncommutative field theories found by Minwalla, Raamsdonk and Seiberg ͓6͔, is the mixing of ultraviolet ͑UV͒ and infrared ͑IR͒ divergences reminiscent of the UV-IR connection of the string theory. The nontrivial mixing between UV and IR is very special and may be explained as the nonlocality shown in the noncommutative spacetime ͓6͔.
In recent papers ͓13,14͔, it has also been found that the noncommutativity in the extra spaces may be used to stabilize the radius of extra space by the Casimir effect. It seems that the dimensional parameter of space noncommutativity can provide a minimum scale to protect the collapse of the extra space in some systems.
Another interesting characteristic of the appearance of a minimum scale is also found in the finite-temperature noncommutative field theories ͓15-17͔. Fischler et al. ͓15͔ showed that, at high temperature for which the thermal wavelength is smaller than the noncommutativity scale, there is no way to distinguish and count the contributions of modes to the free energy. Thus, there is a drastic reduction of the degrees of freedom in the nonplanar contribution to the thermodynamical potential at high temperature.
In this paper we will investigate the renormalized twoloop effective potential for noncommutative scalar field theory in the high temperature limit. We will see that the property of the reduction of the degrees of freedom found in ͓15͔ can also be seen in the effective potential. Note that the free energy evaluated in ͓15͔ is given to the second order of the coupling constant , while the effective potential evaluated in this paper is given to the second orders of ប and to all order in the coupling . As the spacetime noncommutativity ( 0i ϭ " 0) will lead to an infinite number of time derivatives, it will render the field theory nonlocal in time and the causality may be violated at the quantum level ͓18͔. Therefore we shall in this paper consider only the space noncommutative theory.
In Sec. II, we briefly review the relationship between the field theory on noncommutative spacetime and the noncommutative field theory. The path-integration formulation of Jackiw ͓19,20͔, which is used to evaluate the effective potential, is then extended to the noncommutative theory and the Feynman diagrams as derived. In this section we see that the spacetime noncommutativity does not affect the one-loop potential. Thus the radiative symmetry breaking is blind to the noncommutativity at this level ͓5,8͔. It is seen that this property is independent of the spacetime dimension and irrelevant to temperature. *Email address: whhwung@mail.ncku.edu.tw
The Feynman rule derived in Sec. II is then used to analyze the two-loop diagram of the 4 theory at high temperature. The Feynman diagrams therein may be classified as two types: the planar diagrams and nonplanar diagrams. The nonplanar diagrams are the parts which will depend on the parameter of space noncommutativity. They appear in the two-loop level but do not have an inclination to restore the symmetry breaking in the tree level. This property is in contrast to the conventional belief that high temperature could restore the symmetry breaking. To explain this phenomenon we compare the result with the effective potential in the zerospace dimension and explain this property as a consequence of the drastic reduction of the degrees of freedom in the nonplanar diagrams at high temperature in which the thermal wavelength is smaller than the noncommutativity scale ͓15͔. Our results, however, show that the nonplanar two-loop contribution to the effective potential can be neglected in comparison with that from the planar diagrams.
To confirm the above argument of the drastic reduction of the degrees of freedom in the nonplanar diagram at high temperature, we present in Sec. IV an analysis of the twoloop effective potential of the 3 theory at high temperature. In the last section we give a short conclusion.
II. FORMULATION

A. Quantum field on noncommutative spacetime
We consider the noncommutative geometry R n defined in n dimensions with the commutations
where are real C numbers. Given this algebra we can follow the method of Weyl ͓21͔ to describe the functions living on the noncommutative spacetime. The method is to define the function
where f(k) is the Fourier transform of f (x):
in which x is the commuting variable corresponding to the noncommuting variable x . This definition uniquely associates a function f (x ) living on the noncommutative spacetime with a function f (x) living on the commutative spacetime. From the above definition the product of two functions f (x ) and ĝ (x ) then becomes
͑2.4͒
To obtain the above relation we have used the BakerCampbell-Hausdorff formula
and the fact that the commutators are constants, thus the higher commutators vanish. From Eq. ͑2.4͒, we see that once we define the Moyal product ( * ) ͓22͔
͑2.5͒
we can establish a homomorphism,
. This homomorphism allows us to view the algebra of functions on noncommutative spacetime R n as the algebra of the ordinary functions on commutative R n with the Moyal * product instead of the usual pointwise product.
Therefore, in investigating the field theory on noncommutative spacetime we can always work on a usual commutative spacetime in which the multiplication operator is replaced by the so called Moyal * product; in other words, we are going to study the problem of noncommutative field theory.
Note that the Moyal * product satisfies the law of associativity:
Under the integral it also has a property
as the noncommutativity it is an antisymmetric matrix.
B. Path-integral formulation of effective potential
In this section we will consider the 4 theory on a noncommutative spacetime. Using the above prescription we can write the Lagrangian as
͑2.7͒
We will evaluate the renormalized effective potential of the above model along the path-integration formulation of Jackiw ͓19,20͔. First, we assume that there exists a stationary point at which is a constant field 0 . Thus
Next, we expand the Lagrangian about the stationary point and the action becomes
in which ϵϪ 0 and L I ( , 0 ) can be found from the Lagrangian Eq. ͑2.7͒. Then we use the propagator defined by
͑2.9b͒
The effective potential V( 0 ) is found to be ͓19͔
For the theory at finite temperature Tϭ1/␤ we shall take the following substitutions ͓20͔:
in which p 0 is an integral. The first term in Eq. ͑2.10͒ is the classical potential which can be read from Eq. ͑2.7͒. The second term is the one-loop contribution which comes from the second term in Eq. ͑2.8͒.
The elementary property ͑2.6b͒ implies that the Moyal * product in the second term of Eq. ͑2.8͒ can be dropped. Thus we see an interesting property that the noncommutativity of spacetime does not affect the potential in the one-loop level. This property has been found by Campbell and Kaminsky ͓5͔ in the investigation of the tadpole diagram in the linear sigma model. It is easy to see that this property is independent of the spacetime dimension and irrelevant to the temperature.
The third term in Eq. ͑2.10͒ is the higher-loop contribution of the effective potential. To obtain it one shall evaluate the expectation value of the third term in Eq. ͑2.8͒ by the Feynman rule, with D( 0 ;p), defined in Eq. ͑2.9͒, as the propagator and keep only the connected single-particle irreducible graphs ͓19,20͔.
The Feynman rules, including the propagator and vertices, are shown in Fig. 1 . In Fig. 1 we define
and
Note that we consider only space noncommutative theories ͑i.e., 0i ϭ0) for the unitarity requirement ͓18͔.
In the following sections we will use the above Feynman rules to evaluate the two-loop diagram for the system at high temperature. We will use the zeta function regularization method ͓23͔ to perform the summations over the integral values of p 0 and k 0 .
III. TWO-LOOP CORRECTIONS: 4 THEORY
From the Feynman rule we see that the diagrams in the two-loop level can be divided into two types: planar diagrams and nonplanar diagrams. The contributions of the effective potentials from the planar diagrams come from the two diagrams ͓19,20,8͔ shown in Fig. 2 .
For the theory in 1ϩ3 dimensions the effective potentials evaluated from Fig. 2 
͑3.2͒
The contributions from the nonplanar diagrams are like those in the planar diagrams but with an extra factor e ik i i j p j . They read
͑3.4͒
Note that the factors 2 3 ( 1 3 ) appearing in Eqs. ͑3.1͒ ͓͑3.3͔͒ mean that the associated planar ͑nonplanar͒ diagram will be with 2/3 ͑1/3͒ weight of the commutative graph. And the factor 1 2 appearing in Eqs. ͑3.2͒ and ͑3.4͒ means that the associated planar and nonplanar diagrams will both have a weight of 1/2 of the commutative graph. The counting rule has been detailed by Campbell and Kaminsky ͓5͔ in the investigation of the linear sigma model. Let us describe it again for completeness.
The diagram ͑3.1͒ has a single vertex, and so has a phase factor V (p,k,Ϫk,Ϫ p) . Of the six possible orderings ͑modulo cyclic permutation͒ of the set ͕p,k,Ϫk,Ϫp͖, four have a trivial phase factor, and two have a phase of either e ik i i j p j or e Ϫik i i j p j ͑which are the same under the integral over the loop momenta k). Thus the planar diagrams will have 4/6ϭ2/3 weight and the nonplanar diagrams will have 2/6ϭ1/3 weight with respect to the commutative graph.
The diagram ͑3.2͒ has two vertices, and we pick up the phase factor V(p,k,Ϫ pϪk)V (Ϫk,Ϫ p,pϩk) . Each vertex has two orderings ͑modulo cyclic permutation͒ for four combinations in total. Explicity evaluation leads to two having a trivial phase factor, and another two having a phase e ik i i j p j . Thus the planar diagrams will have 2/4ϭ1/2 weight and the nonplanar diagrams will have 2/4ϭ1/2 weight with respect to the commutative graph.
A. Nonplanar diagrams
We first analyze the nonplanar diagrams. Using the Schwinger parameters ␣ 1 and ␣ 2 , Eq. ͑3.3͒ can be expressed as
in which p i ϭ i j p j and l j ϭk j Ϫ(i/2␣ 1 )p j . In the same way, using the Feynman parameter w and the Schwinger parameters, ␣ 1 and ␣ 2 , Eq. ͑3.4͒ can be expressed as 
͑3.10͒
respectively, after the integration of h i . To proceed, let us first investigate Eq. ͑3.9͒: 
͑3.11͒
Therefore, when the thermal wavelength is smaller than the noncommutativity scale, i.e.,
then the first term in Eq. ͑3.11͒ is a good approximation. In a similar way we have the following approximation:
Substituting the above results into Eqs. ͑3.3͒ and ͑3.4͒ we finally find the nonplanar-diagram contributions of the effective potential
͑3.13͒
B. Planar diagrams
The planar-diagram contributions of Eqs. ͑3.1͒ and ͑3.2͒ can be analyzed following Eqs. ͑3.9͒ and ͑3.10͒ after letting i j ϭ0. Thus, Eq. ͑3.1͒ with i j ϭ0 becomes ␤
which is consistent with that evaluated by Dolan and Jackiw ͓20͔. Note that in the above ͑and in the following, if it is necessary͒ we have added ␣ ⑀ to regularize the integration over ␣. The infinite term appearing in the above equation has also been neglected, as it will give a temperature-independent contribution to the effective potential and could be absorbed by the counterterms for the renormalization requirement ͓20͔.
Note that, as it is difficult to evaluate Eq. ͑3.2͒, the authors in ͓20͔ considered the N-component scalar field theory, i.e., → a with aϭ1,2 . . . N. In this system the contribution of diagram ͑3.1͒ is O(N 2 ) and diagram ͑3.2͒ O(N). Thus in the large N approximation the diagram ͑3.2͒ can be neglected and the two-loop correction calculated in ͓20͔ is consistent with our result in Eq. ͑3.14͒. However, in obtaining the above result, as we have used the zeta regularization method ͓23͔ to perform the summation over the integral values of p 0 the calculations become easy and, in a similar way, we could also evaluate Eq. ͑3.2͒ in the high-temperature approximation.
Using the same method, Eq. ͑3.2͒ with i j ϭ0 becomes 2 0
Substituting the above results into Eqs. ͑3.1͒ and ͑3.2͒ we finally find the planar-diagram contributions of the effective potential
͑3.16͒
C. Effective potential and symmetry property
Combining Eqs. ͑3.13͒ and ͑3.16͒, we find that the hightemperature effective potential is
͑3.17͒
From the above result we see that at high temperature, in which the thermal wavelength is smaller than the noncommutativity scale, the planar-diagram contributions will dominate. This is the conclusion of this paper. The remaining part of this paper is to investigate the property of the nonplanar contribution. From Eq. ͑3.13͒ we see that
͑3.18͒
The above equation tells us that, if m 2 Ͼ0, i.e., the symmetry is not broken in the tree level, then the value ‫ץ‬V( 0 ) two loop nonplanar ‫(ץ/‬ 0 2 ) becomes negative for all values of 0 2 . This means that the nonplanar diagram has an inclination to induce radiative symmetry breaking if it is not broken in the tree level.
On the other hand, if m 2 Ͻ0, i.e., the symmetry has been spontaneously broken in the tree level, then, because the value of M 6 ϭ(m 2 ϩ(1/2) 0 2 ) 3 can become negative for small value of 0 2 , we therefore see that the value ‫ץ‬V( 0 ) two loop nonplanar ‫(ץ/‬ 0 2 ) in Eq. ͑3.18͒ is negative too. This means that the nonplanar diagram does not have an inclination to restore the symmetry breaking at high temperature, in contrast to the conventional belief that high temperature could restore the symmetry breaking. Note that the investigation in ͓20͔ had found that the O(N)-invariant scalar model which is radiatively broken will remain broken at high temperature, while that which is broken at tree level can be restored at high temperature.
In the next subsection we will evaluate the planar diagrams in zero space. We will see that the nonplanar-diagram corrections in the three space behave like those in the planar diagrams in zero space, at high temperature. Thus we can explain this property as a consequence of the drastic reduction of the degrees of freedom in the nonplanar diagrams at high temperature.
D. Planar diagram at zero space and dimensional reduction of nonplanar diagram
The calculations of diagrams ͑3.1͒ and ͑3.2͒ at zero space dimension are
in which the zeta regularization method has been used to perform the summations over integral values p 0 and k 0 . ͑Note that there is no nonplanar diagram in the zero space theory.͒ The important difference between the theory at three space dimensions and that at zero space is that, in the former system the contribution of the planar-diagram part of Eq. ͑3.1͒, calculated in Eq. ͑3.14͒, is proportional to ␤ Ϫ3 while that in the later system, calculated in Eq. ͑3.19͒, is proportional to ␤ Ϫ2 . The calculation in Eq. ͑3.11͒, however, finds that the high-temperature two-loop correction from the nonplanar diagrams in three-space theory is proportional to ␤ Ϫ2 , which therefore behaves as the Feynman diagram in zerospace theory.
In the same way of comparison, the high-temperature two-loop correction from the nonplanar diagram of Eq. ͑3.4͒ in three-space theory, calculated in Eq. ͑3.12͒, is proportional to ␤ Ϫ2 , which does behave as the Feynman diagram in zero-space theory, calculated in Eq. ͑3.20͒.
Therefore, we can conclude that there is the drastic reduction of the degrees of freedom in the nonplanar diagram at high temperature. This is because, at high temperature for which the thermal wavelength is smaller than the noncommutativity scale, there is no way to distinguish and count the contributions of modes to the nonplanar-diagram contribution in the effective potential. To confirm the above argument we would like to analyze the 3 theory in the next section.
could restore the symmetry breaking. To explain this phenomena we compare the result with the effective potential in the zero-space dimension and explain this property as a consequence of the drastic reduction of the degrees of freedom in the nonplanar diagram at high temperature in which the thermal wavelength is smaller than the noncommutativity scale ͓15͔. Our results show that the nonplanar two-loop contribution to the effective potential can be neglected in comparsion with that from the planar diagrams.
In this paper we only consider the noncommutative scalar field theory. For the more realistic model, such as that including the Yang-Mills field, there are more diagrams to be evaluated to find the effective potential. However, we believe that the property of the reduction of the degrees of freedom in the nonplanar diagram at high temperature will also be shown in other models. It remains to be investigated.
